This study reports a critical development in the widely used combustion stability algorithm used by propulsion industries as a predictive tool for the design of large combustors. It has been recently demonstrated that, by incorporating unsteady rotational sources and sinks in the acoustic energy assessment, a more precise formulation of the acoustic instability in rocket motors can be achieved. The new algorithm, when applied to the linear stability formulation, leads to ten growth rate terms. In this article, we convert these ten stability corrections from volumetric to surface integral form. We further convert them to an acoustic form that is directly amenable to implementation in the Standard Stability Prediction code. The reduction to surface form greatly facilitates the evaluation of individual stability growth rates as they become function of quantities distributed along the chamber's control surface. This will preclude the need to carry out a rotational flow analysis inside the motor. Only surface quantities will be needed and these will be converted to acoustic form whenever possible using the no slip condition or other applicable response functions. Effectively, all needed information will be obtainable directly from the acoustic field. By precluding the need to evaluate the rotational field (which can be highly uncertain in arbitrary geometry), the evaluation of acoustic stability integrals is made possible in practical motors with variable grain perforation. In this article the conversion process is carefully detailed. The analysis entails acquiring and applying several vortico-acoustic and vector identities, the most notable of which being the Gaussian divergence theorem. 
I. Introduction
Y incorporating unsteady rotational terms into the standard energy equation, a more complete, allinclusive formulation of the progression of internal energy in rocket motors has been recently proposed by Flandro and Majdalani. 1,2 This energy assessment involves both rotational and irrotational contributions to pressure (p) and velocity (u). The new formulation comprises a total of ten volumetric integrals representing several acoustico-vortical mechanisms affecting stability. These integrals are classified and characterized according to their physical significance; 3, 4 in summary, they may be expanded in a series of the form In this article the conversion of all stability corrections from volumetric to surface integral form will be carried out carefully and systematically. This course of action will involve the acquisition of several applicable vector theorems and their application to the ten stability factors.
II. Analysis

A. Energy Assessment
The evolution of the system energy was determined by Flandro and Majdalani. 1, 3 By revisiting the standard acoustic energy balance with both rotational and irrotational terms retained, one can write 
The linear stability integrals to be converted will often refer to Eq. (1).
B. First Factor: Extended Pressure Coupling
The first correction factor combines the first three irrotational integrals representing pressure coupling and nozzle damping due to the acoustic energy carried out by the mean flow. The corresponding energy growth rate is expressible by
The first quantity between brackets is amenable to surface extraction using Gauss's theorem, specifically,
Subsequently, it is possible to transform the triple integral into a simpler double integral. At the outset Eq.
(2) becomes
As demonstrated by Flandro and Majdalani, 1,2 the next step is for vector projections to be carefully implemented along different sections where pressure coupling is manifested. These sections include the control surfaces delineating the idealized rocket motor chamber. Along burning surfaces, one must have
Similarly, along the inert surface, one has
and so, along the nozzle entrance plane
n U (7) where N U is the mean axial velocity crossing the nozzle entrance plane at z l = .
Assuming that
is small compared to other terms, Eqs. (5)-(7) may be substituted back into Eq. (4). The first integral becomes
Grouping and rearranging, Eq. (8) simplifies into the general surface integral 
where m k represents the dimensionless wave number which, for closed-end boundaries, is given by
As usual, m is the mode shape number and / l L R ≡ is the aspect ratio for the motor.
In much the same way, the second integral of Eq. (4) can be converted. Starting with
one may take advantage of the well known vector identity
Equation (14) can now be represented as
By using the divergence theorem, the first term of the volumetric integral is converted into surface form viz.
as shown in Eqs. (5)- (7), the normal projections of û
At this point time averaging can be applied to obtain 
Equation (24) may, in turn, be substituted into Eq. (19) to render ( )
The form obtained is now suitable for transformation by way of the divergence theorem; the result is ( )
For the case of a cylindrical motor
and
The time average of Eq. (29) yields
At this point, one recalls from Flandro and Majdalani
Clearly the first two terms cancel because the divergence of the mean flow is equal to zero and
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Using Gauss's theorem, the volumetric integral can be transformed into a surface integral ( )
Combining Eqs. (36) and (9), Eq. (2) becomes
Collecting similar integrals, one obtains, at length,
In more general form, this can be expressed as
C. Second Factor: Dilatational Energy Correction
The dilatational energy term is the fourth of the irrotational terms. It has been proven in previous studies that this term is 
Additionally, one may use the vector identity
In SSP where acoustic modes are assumed to dominate, one may use the one-dimensional approximation of
The divergence theorem can now be applied to produce
Finally, evaluating the normal projection returns Culick's profile. It can be easily shown that this result is generally true and will vanish for any flow profile because ˆ× u Ω is always perpendicular to û , ∀Ω .
E. Fourth Factor: Flow Turning Correction
The fourth factor is a function of unsteady vorticity. Nonetheless, this term has often been dubbed 'the flow turning correction' in the standard stability formulation. Starting with ( )
The integrand may be expanded by recognizing that the vorticity is a function of the unsteady rotational velocity,
where
The first and third terms on the left-hand side of Eq.
(55) vanish due to the unsteady rotational velocity being independent of θ (i.e. axisymmetric) and comprising no θ − component; this leaves
Recalling from Flandro and Majdalani
Consequently, Eq. (54) collapses into
which can be further expanded as
Taking advantage of the fact that the acoustic velocity does not possess radial or tangential components, Eq. (59) simplifies to
At this juncture it would be advantageous to insert the values of z u , r U and ˆz u ; one gets ( )
sin sin sin
In order to simplify Eq. (61), the time averaging must be performed. At the outset, one reaps
for a full-length circular-port motor, Eq. (63) becomes ( )
The integrand can hence be represented by
This approximation is valid due to the unsteady vorticity being 6 hence dominating over adjacent terms. The radial part of the above integral has been shown to be entirely determined by the upper limit at 1 r = . The volumetric integral, noting that ( ) 
Note that this integral is only defined over the burning surface: it is not to be evaluated over inert sections or the nozzle entrance region.
F. Fifth Factor: Rotational Flow Correction
The rotational flow correction is the first of the new terms introduced by Flandro and Majdalani. 1 This correction factor arises when retaining the important unsteady rotational terms. From Eq. (1), the first of the rotational integrals gives 
This can be further simplified using = ∇× ω u , namely,
Upon expansion, one finds
(78) vanish due to the fact that the unsteady rotational velocity does not have a θ − component, nor is it a function of θ ; this leaves us with
so that
The first term on the right-hand side of Eq. (82) can be shown to be negligible: considering that 
Next, we shift our attention to the term
This can be expanded as
then manipulated using the divergence theorem
Recalling that 0 ∇ ⋅ = U , it is straightforward to show that six terms on the right-hand side of Eq. (86) will readily cancel. Equation (84) 
As shown in previous studies, the phase angle ( )
controls the wavelength and spatial frequency of rotational shear waves. The real argument, ( ) r φ , is responsible for viscous damping. It is found to be 
where S and ξ are dimensionless scaling factors 
Using the well known trigonometric identity ( ) 
This formulation can be further simplified by expanding the rotational unsteady velocity into a normal (i.e., radial in a cylindrical motor) and a tangential component. Using 
and so
One can substitute Eq. (106) into Eq. (102) and carry out the time averaging; this operation yields 
The corresponding integrand becomes ( )
Recalling that
This volumetric integral can be separated and partially converted to a surface integral using the divergence theorem. The first term in Eq. (116) yields (1) (
At the surface, the component of
u is parallel to n due to the no-slip boundary condition. It follows that Eq. (117) will be identically zero.
Now that the first surface integral has been shown to cancel, one is left with (1) Note that the integrand is a scalar. The corresponding physical problem displays conventional boundary layer behavior: boundary layer ideas locally apply. To reduce this to surface integral form, one can use the Von Kàrmàn-Polhausen method and evaluate the part of the integral normal to the surface. Along the surface 
The real component of ω may be represented by 
In order to further simplify Eq. (124), it is appropriate to apply time averaging; from 
Note the correlation between ⋅ ω ω and z u
For the circular-port motor, one has
This expression reduces to α , this term can be expanded for two simple geometric shapes and shown to be large.
K. Tenth Factor: Unsteady Nozzle Correction
It was shown previously that retention of unsteady rotational energy gives rise to a term at the downstream chamber boundary. 3 This growth rate combines the third and fourth rotational terms in Eq. (1) 
The first term on the right-hand side can be written as
These integrals are easily converted to surface form via the divergence theorem. For example, on can put
As shown in Eqs. (5)- (7) 
In like fashion, the second term on the right-hand side of Eq. (165) can be written as ( 
III. Discussion
A summary of the transformed integrals is catalogued in Table 1 where the original and newly converted forms are posted. The surface converted integrals are given in a general form, before time averaging, and also in a form that is most suitable for direct implementation in the Standard Stability Prediction code. It must be noted that these integrals correspond to the linear growth rate regime preceding the onset of nonlinear oscillations. A similar analysis needs to be applied to the nonlinear growth rate integrals that control the system behavior during wave steepening and formation of limit cycle amplitudes. It is hoped that the tools presented here will be similarly employed in future studies aimed at converting the nonlinear growth rate corrections to surface-based quantities. From this standpoint, it may be seen that a key contribution of this study lies, perhaps, in its proofof-concept demonstration for the linear stability growth rates. Here, they are shown to be amenable to surface transformation despite their relative complexity. The feasibility of this approach may be readily extended to other combustion instability mechanisms that are expressed in volumetric integral form.
Of the ten integrals posted in Table 1 , it should be noted that only seven are important. These include i) pressure coupling 1 α , ii) flow turning 4 α , iii) rotational flow correction 5 α , iv) mean vortical correction 6 α , v) advantages to rocket motor designers. Within the code itself, the implementation of surface calculations will bring about many advantages. These include promoting better predictive capabilities and eliminating the need to estimate the acoustical and rotational wave components inside the motor chamber; instead, only local properties are needed along the chamber's control volume. This will not only simplify the evaluation of the stability integrals, but will greatly enhance the accuracy of SSP predictions. Subsequently, users of the code will only need to be concerned with providing accurate estimates of propellant properties and injection characteristics along the motor boundaries.
Another key aspect that this study addresses is the impact of retaining the pseudopressure which is often neglected in the literature. Being the unsteady pressure wave (or pseudosound) generated at solid boundaries, p is ignored in stability assessments because of its small magnitude and its rapid decay away from the burning surface. However, considering that most important instability mechanisms occur in close vicinity to the propellant surface, it is not surprising that one of the two pseudo corrections is large (i.e., 9 α ). 3 This point is confirmed in the present analysis as pseudorelated corrections are carefully examined in both volumetric and surface form. In later studies, it may be shown that 9 α and 10 α can cancel each other's contribution. The same can be said of flow turning and the rotational flow corrections as 4 α and 5 α will generally cancel as well. These ideas will be deferred to forthcoming work in which they will be fully discussed and verified using representative rocket motors.
IV. Concluding Remarks
The current study describes a major breakthrough in improving our modeling capabilities of acoustic instability growth for motors undergoing linear oscillations. The breakthrough lies in simplifying the growth rate expressions to equivalent, albeit more accurate and manageable identities and approximations. The translated surface integrals are obtained in conceptual forms that are nearly independent of chamber geometry. It would be helpful to evaluate these integrals for the full-length circular-port and slab motor configurations. Results could then be compared to predictions obtained either directly from SSP or by evaluating the triple integrals using parametric sets that are representative of actual motors. Another method of verification could be attempted by evaluating the stability integrals by computer. In that respect, comparisons to SSP predictions could prove to be instrumental. These tasks are hoped to be covered in a forthcoming article.
Appendix A: Useful Identities
In converting volumetric integrals to surface form, several vectorial and algebraic manipulations are required. Here we compile and catalogue vector identities and theorems that may be needed during the integral conversion process. Below is a compilation of vector identities and theorems written in standard notation, with bold letters to represent vectors. 
A. Vector Identities
() ( ) ( ) ⋅
